Compositional data are met in many different fields, such as economics, archaeometry, ecology, geology and political sciences. The feature that makes them special is that each vector contains positive number which sum to the same constant, usually taken to be 1 for convenience purposes. Regression where the dependent variable is a composition is usually carried out via log-ratio transformation of the composition or via the Dirichlet distribution. However, when there are zero values in the data these two ways are not readily applicable. In this paper we adjust the Dirichlet distribution in order to allow for zero values to be present in the data. To do so, we take into advantage the conditionality (or the marginality) property of the Dirichlet distribution. In addition we check the effect of the zero values on the resulting model. Finally, we propose a new information criterion to be used for model selection and for assessing the goodness of fit.
Introduction
Compositional data are positive multivariate data that sum to the same constant and their sample space is the standard simplex
where D denotes the number of variables (better known as components) and d = D − 1. A natural candidate distribution for analyzing compositional data is the Dirichlet, since its support is the simplex. Dirichlet regression analysis has been considered in (Gueorguieva et al., 2008) and Hijazi and Jernigan (2009) . A more popular type of regression was suggested by Aitchison (2003) . By applying a log-ratio transformation, one can map the data for the simplex onto the Euclidean space and there apply the standard multivariate regression techniques. Back transformation of the fitted values will result in the fitted compositional values.
The problem however with Aitchison's regression and Dirichlet regression is that they do not address the problem of zero values. If zero values are present in the data, the logarithm of the data is not applicable and the Dirichlet cannot be readily applied. For this reason, model based zero value imputation techniques have been developed (Palarea-Albaladejo and Martín-Fernández, 2008) . These methods must be applied prior to the regression analysis and assume that zeros are due to roundings or measurement errors.
Other regression techniques on the simplex addressing the problem of zero values can be found in Scealy and Welsh (2011) who performed regression by employing the Kent distribution. Their approach falls within the category of treating compositional data as directional data through the square root transformation (see also Stephens (1982) ). Leininger et al. (2013) implemented spatial regression for compositional data with many zeros employing a scaling power transformation and assuming a latent multivariate normal model.
In this paper we take into account the nice properties of the Dirichlet distribution for regression analysis with zero values present. We adjust the Dirichlet log-likelihood to accommodate zero values using both parametrizations of the Dirichlet distribution and compare them as well. We suggest a diagnostic test to see the effect of the zero values on the estimates. In addition, we suggest a information criterion in order to perform model selection regardless of the assumed (parametric or not) regression model. Aitchison (2003, pg. 119) provided formulas for the relationship between a logistic normal in the full composition and the logistic normal for a composition with less components. However, in our case we have conditioned on some components having zero values. The conditional logistic normal distribution becomes singular as the value of a component approaches zero. That is why we cannot use the logistic normal distribution in the same way to model compositional data with zero values. The conditional Dirichlet distribution on the other hand is not singular and coincides with the marginal distribution in this case.
Section 2 describes the Dirichlet regression with both parametrizations of the Dirichlet distribution. The problem of zeros is briefly discussed in Section 3. In the same Section the adjustment of the log-likelihood based on the two formulations of the Dirichlet distribution is described. The effect of zeros is also discussed and some diagnostics are suggested. In addition, a new information criterion is suggested for model selection regardless of the assumed distribution or modelling technique used for compositional data regression. In Section 4 we compare the two zero adjusted Dirichlet parametrizations using real data examples and finally, conclusions in Section 5 close this paper.
Zero values and Dirichlet regression
There are two types of Dirichlet regression, since there are two parametrizations of the Dirichlet distribution.
Dirichlet regression type I
Dirichlet regression is performed in the form of generalized linear models. Hijazi and Jernigan (2009) used Dirichlet regression to model compositional data linking the parameters linearly with the covariates. However, the log link Gueorguieva et al. (2008) is preferred to the identity for this distribution, because it ensures that the estimated parameters are always positive. We can write the log of the parameters of the Dirichlet distribution (a i ) as a generalised linear function of the design matrix X which contains the covariates (the first column is the vector of 1s).
where p is the number of independent variables, n denotes the sample size and Gueorguieva et al. (2008) developed and discussed diagnostics for over-dispersion and global and local influence. They also discussed different types of residuals, such as standardized residuals, composite residuals and score residuals which are related to over-dispersion diagnostics. The likelihood of the Dirichlet with covariates is (Gueorguieva et al., 2008) 
where x j are covariates for the j-th observational vector and b i is the vector of parameters for each component estimated through maximisation of the log-likelihood
We also have to note that Yee (2011) offers maximisation of (2) in his R-package VGAM.
Dirichlet regression type II
We can also use another parametrization of the Dirichlet distribution which includes the parameter
The link function used for the parameters (except for φ) is
where
The corresponding log-likelihood is
The interpretation of the resulting regression parameters is easier than (2) as will be seen later and are comparable with those of the standard linear regression model suggested by Aitchison (2003) since the same link function is used. This is true because they same the number of parameters whose interpretation is the same. In addition, the second formulation requires d(p + 1) + 1 parameters, whereas the first formulation requires D(p + 1) parameters, where p denotes the number of independent variables and d = D−1. Maier (2014) has written an R package which performs maximisation of (5) allowing also the φ parameter to vary as a function of the covariates as well.
Dirichlet regression with zero values present
In this Section we will show one can perform Dirichlet regression when zero values are present in the data. But at first we will briefly comment on the problem of zero values.
Zero values and current approaches
When Aitchison (1982) suggested the log-ratio analysis of compositional data he noted that zero values are not allowed. For this reason, he suggested ad-hoc zero replacement strategies (Aitchison, 2003) . The underlying assumption behind all these strategies is that the zero values are actually unobserved very small quantities which were rounded to zero. An example is when the detection limit of a measurement instrument is not low enough.
The drawback however of these techniques is that the values of the whole compositional vector which has at least one zero value will have to change even slightly. So, when there are many zeros in a dataset many other observed values will have to change as well. From one point of view this could be necessary, since the observed proportions are not the rue ones. Imputation though of zero values induces some extra variability to the data.
On the other hand, can somebody, with probability 1, say that in a geological, geochemical, or any other earth related sample of some data where zeros occur that these zero values are rounded? Isn't it possible that in some rock samples for example, the percentage of gold is actually zero? The famous Glass Identification Data Set (available to download from UC Irvine Machine Learning Repository) is another example. Not all glass types necessarily contain the same materials. Why then one should try to impute the zero values, assuming that a chemical substance exists in a glass type when in fact it simply does not? Butler and Glasbey (2008) and Leininger et al. (2013) introduce latent variables to model the zero values. The observed zero values are modelled without being imputed and no further change in the values of the other components is necessary.
A third approach adopted by Zadora et al. (2010) , Scealy and Welsh (2011) and Stewart and Field (2011) is to handle the zero values naturally. Zadora et al. (2010) models the probability of a zero value separately and Stewart and Field (2011) moves in a similar spirit. The square root transformation Scealy and Welsh (2011) maps the zero values on the surface of a hyper-sphere, thus they are treated as allowable points on the hyper-sphere. In the last three models, no zero value imputation is performed either. Zadora et al. (2010) mentioned that if the zero values are actually non zero values rounded to zero this should be be taken into account building the model. At some other point they mention "Of course, absolute zero does not exist in analytical chemistry as measurements depend on the detection level of the method used. Elements and components present in trace levels (below the detection limit) will always be undetectable for the specific method, and hence the measurements obtained can be considered as structural zeros for the purposes of the statistical analysis". So they do not argue that zero values are rounded zeros but for the purpose of the analysis they choose not to impute them.
Our approach falls more within the directions of Zadora et al. (2010) and (Scealy and Welsh, 2011) . We do not make any assumptions on whether the zeros are rounded or not, we choose to model the data as they are.
Zeros values and Dirichlet regression type I
An advantage of the Dirichlet distribution is that its marginals are also Dirichlet and this allows modelling in the presence of zeros (Ng et al., 2011) . We will take advantage of this property in order to incorporate zero values in the observed sample. The same is true also for the conditional distributions. That is, if we condition on some components being zero for example, the resulting distribution is a Dirichlet. In this context, there seems to be no separation between the two. Hence, we suggest to use the zero adjusted log-likelihood of the Dirichlet regression
The hypothesis we state here is a simple and a not unrealistic one. The vectors which have zero values come from the same Dirichlet distribution as that of the vectors with no zero values. The same hypothesis is imposed when the second formulation (5) is used (see below). We will call this type of Dirichlet regression zero adjusted Dirichelt regression (ZADR) type I.
Zeros values and Dirichlet regression type II
The modification of the second type of the Dirichlet log-likelihood (5) to accommodate zero values in the observed data is also feasible and leads to the zero adjusted Dirichlet log-likelihood
where C j = {k ∈ [1, ..., D] : y kj > 0} and a * i is defined in (3). The advantage of (7) over (6) is that it requires less parameters and their interpretation is easier, since the first one uses the inverse of the additive log-ratio transformation as the link function. We will refer to this type of Dirichlet regression as zero adjusted Dirichelt regression (ZADR) type II. In the next Section we describe a way of of maximising the two log-likelihoods (6) and (7).
Maximising the log-likelihoods
When a maximisation is performed numerically, there is the question of sensitivity to the initial values. We have seen empirically that this is not an issue. At first we must use the zero free compositional vectors to get estimates which will be termed initial estimated coefficients. We then add the contribution to the log-likelihood of the compositional vectors having zero values in at least one of their components. Thus, the log-likelihood in (6) and (7) is actually the sum of two log-likelihoods, the one due to zero free compositional vectors and the other due to the non-zero free compositional vectors. When the ZADR type II is used we performed the following process to maximise the log-likelihood.
1. Use the zero free compositional vectors and apply the additive log-ratio transformation (Aitchison, 2003) 
2. Estimate the parameters using least squares
where Z is the n × D matrix containing the log-ratio transformed composition and X is the n × p design matrix.
3. Use the estimates from step 2 as initial values for maximising the log-likelihood of ZADR type II (5). The estimates are the initial estimated coefficients.
4. Use the initial estimated coefficients as initial values in maximising (7) and obtain the final estimated coefficients.
When the ZADR type I regression is used, we skip step 1 and for step 2 we use random values as initial values. Steps 3 and 4 are the same using (2) and (7) respectively. When the above described procedure is implemented we have two advantages. At first we reduce the probability of obtaining a local instead of a global maximum of the relevant log-likelihood. Secondly, in this way we have two sets of estimated coefficients, the one based on the zero free composition and the one based on the full composition. This enables us to examine the effect of the zeros, described in the next Section.
Effect of zeros
Can we assume that the conditional (or marginal) distribution of the components which have zero values comes from the same Dirichlet distribution as the composition with no zeros?
Quadratic type diagnostics
To answer these questions we propose the use of a quadratic form diagnostic involving the coefficients and their relevant covariance matrix, of the zero free composition and of the final coefficients. The diagnostic has the following two forms
for the ZADR type I and type II respectively. Theb ini i andb i are the coefficients of the zero free composition and the final coefficients of type I regression respectively and are defined in (1).
andβ β β i are the estimated coefficients of the zero free composition and the final estimated coefficients of type II regression respectively and are defined in (4). In both cases, the covariance matrices of the estimated coefficients of the ZADR type I and type II models are denoted by the letters V and U respectively. These are estimated numerically by the second derivative of the log-likelihood of (6) and (6) respectively.
A distance based diagnostic
The drawback of T 1 (8) and T 2 (9) is that when there are a few zeros they might not be able to detect any deviation from the Dirichlet assumption. For this reason we also suggest another type of diagnostic which is distance based.
At first we estimate the parameters of the Dirichlet regression for the zero free composition (step 3 of the algorithm for maximising the ZADR models). Then we use them to predict the values of the compositional vectors having zero elements. This means, that we will adjust our fitted compositional vectors by setting zeros in the same elements and re-scale them so that they sum to 1. Then, we will calculate their between distance. To do so we will use a recently suggested metric for probability distributions Endres and Schindelin (2003) andÖsterreicher F. and Vajda I.
where M = 0.5 (u + w) and
is the Kullback-Leibler divergence (Kullback, 1997) . We will refer to (10) as the ES-OV metric. Summing the ES-OV metric (separately) for all compositional vectors which have at least one zero value, we get the two values of this type of diagnostic
The y 0i is the i-th observed compositional vector with zero elements andŷ 0i is its corresponding fitted vector based on the Dirichlet regression (2) or (5). So we are not using the ZADR models in this one, but the classical Dirichlet regression models. In this way we want to see how well the regression models based on the zero free composition, predicts the compositional vectors containing zeros.
Bootstrap p-value of the diagnostics
The distribution of the diagnostics (8), (9) and (11) is rather difficult to derive, so for this reason we propose the use of parametric bootstrap whose steps are as follows 1. Generate data from a Dirichlet distribution using the final estimated parameters. This means, that some vectors will have no zero values and some vectors will.
2. Estimate the parameters of the ZADR models and calculate the diagnostic values (8), (9) and (11) based on the bootstrap sample .
3. Repeat steps 1 − 2 B times and calculate a bootstrap p-value as
where T observed is any of the diagnostic tests based on the observed data, b = 1, . . . , B and 1 is the indicator function.
3.6 Some comments So, when we have a sample for which we assume that it comes from a Dirichlet population and some components have zero values we need to make an extra assumption about the vectors which contain zero values. We assume that these vectors come from the same Dirichlet distribution. This might be viewed as a strong parametric assumption, but in the EM algorithm also assumes that the conditional distribution of the missing data given the observed data is of a known form.
Another point that is worthy to highlight it that as appealing the Dirichlet regression might seem we have to note that the Dirichlet distribution is not a member of the linear exponential family (Gourieroux et al., 1984) and hence any regression model based on it is not robust to distribution misspecification (Murteira and Ramalho, 2013) . However, under correct specification, the asymptotic distribution of the estimated parameters is a multivariate normal distribution whose covariance matrix is the inverse of the Fisher's information matrix (Murteira and Ramalho, 2013) . This means that in this case only the estimates are consistent.
The same holds true in our case, since we maximise the Dirichlet log-likelihood in order to obtain the regression parameters, but we need an extra assumption to ensure the property of consistency. That is, the compositional vectors which contain zero values, and are thus modelled by a conditional Dirichlet with less dimensions, come from a Dirichlet with the same parameters as the full Dirichlet. The diagnostics suggested try to evaluate the assumption of this assumption.
A known drawback of the Dirichlet distribution and thus of regression is that the covariance matrix allows only negative correlations. This restrictive correlation is also met in the multinomial logistic regression but even so, the model works fine in practice. A more serious drawback is that when no covariates are present the Dirichlet distribution cannot capture curvature in the simplex (Aitchison, 2003, pg. 59 ), but we are not in this situation.
The inflated beta distribution (Ospina and Ferrari, 2010) is not related to the conditional Dirichlet distribution we describe here. In the beta distribution (with or without covariates) zero values are allowed and the same is true in the logistic regression. But when we move to higher dimensions, the Dirichlet distribution does not allow a vector of zeros or a vector of 1s (again this is also true for the multinomial logistic regression). Therefore, a generalization of the inflated beta to Dirichlet distribution is not possible.
An information criterion for compositional regression
As mentioned before, type II regression estimates fewer parameters than the type I regression. So, there are two questions raised, which of the two formulations should one use and which regression model in general should one use for compositional data? A suggestion to the first answer was given before. However, both questions are to be answered via a new information criterion.
The Kullback-Leibler divergence (Kullback, 1997 ) is a divergence measure of one distribution from another. We exploit this divergence and use it as a measure for compositional data. The divergence suggested here can be used not only with univariate proportions but with compositional data in general, regardless of the model or distribution used. In logistic regression it is called deviance, but since here we do not deal with categorical data or frequencies we cannot calibrate it against a χ 2 distribution. However we can call it compositional deviance, since it shows the divergence between the observed and expected compositions. Theil (1967) defined a measure of information inaccuracy as
where q j andq j denote the observed and expected points of the Lorenz curve. On the grounds of this we can define information criteria based on this divergence, such as the compositional deviance information criterion (CDIC)
where k and n denote the number of parameters and sample size respectively and y ij andŷ ij are the observed and fitted compositional values. The word Deviance was chosen because the deviance in the multinomial regression is two times the measure (12) suggested by Theil (1967) . The CDIC can be used even if there are zero values since 0 log 0 = 0. Theil's information does not take into account the number of parameters a model contains. The penalty for the number of parameters and the sample size was inspired from the Bayesian Information criterion. If the two models come from the same family of distributions, such as in our example we can also use the already known information criteria, such as AIC or BIC.
Examples with real data
We will show two examples with real data in order to see the two types of zero adjusted Dirichlet regression types in practice and compare them.
Example 1. Foraminiferal data
This dataset consists of foraminiferal (marine plankton species) compositions measured at 30 different depths (1-30 metres) and can be found in Aitchison (2003) . There are 5 compositional vectors having a zero value, either in the third or the fourth component. The data were also analysed by Scealy and Welsh (2011) using the logarithm of the depth as the independent variable. Since there are 4 components we cannot plot them on a triangle. We could plot them in a 3D plot but when printed it would not reveal the structure of the data. For this reason, we will plot them in a bar plot (Larrosa, 2003) . Figure 2 presents the data as function of the water depth. It can be seen that the logarithm of the water depth does not really affect the composition. Some columns have three colours and that is because of the zero values. Table 1 : Parameter estimates for the two ZADR models applied to the foraminiferal data. The Bias columns refer to the estimated bias of the parameters calculated using parametric bootstrap. The standard errors appear in the parentheses next to the estimates. We have chosen the first component (by default) to be the reference component for all the other components in the ZADR type II. Thus, the interpretation of the parameters (see Table 1 ) of the components is with respect to the first component. The CDIC value for the ZADR type I and II were 30.338 and 26.934 respectively. The difference is small (and roughly equal to log 39) and thus shows that the fit of the two models is almost the same. The difference is that ZADR II needs one (in this case) parameter less and the interpretation of the coefficients is clearer. This is an example where the zeros do not seem to have a significant effect on the fit of the model. This is more a statistical result we want hold true, since in practice one can still use this model even if this assumption is not true. The caution level though would be increased in the later case. 
Example 2. Glacial data
The second example contains information about the weight of 92 glacial tills (in percentage form) along with the total number of pebbles. The data are available at Aitchison (2003) . For each of the glacial tills there are four different components, red sandstone, gray sandstone, crystalline and some miscellaneous elements. There are 42 compositional vectors containing either one or two zeros, making a total of 48 zero values. Table 3 contains the estimated regression coefficients and Figure 3 shows this compositional dataset versus the total number of pebbles. Figure 4 contains the fitted compositions of glacial tills using both types of ZADR. The CDIC value for the ZADR type I is equal to 69.671, whereas for type II it is equal to 64.949. The difference is again roughly equal to the logarithm of the sample size, showing that the fit of the two models is almost the same. But again here, the ZADR II model is to be preferred since it needs one parameter less. This is an example where the zeros seem to have a significant effect on the fit of the model. This means, that the Dirichlet assumption for all the data is not satisfied. However, this does not exclude the model from being used by researchers and practitioners. As mentioned before, the caution level is increased, but then a simple question comes to mind. Is the normality assumption always satisfied when one applies techniques which assume normality?
A possible answer as to why this happens in this example could be found in examining the three plots in Figures (3) and (4). We can see that the two models have not fitted the data adequately. So, maybe, the assumption of the Dirichlet distribution might not have been a very good choice or the link function should be different.
A small scale simulation study
We implemented a small scale simulation study to see the asymptotic behaviour of the coefficients of the two ZADR models when zeros are present. We generated data assuming the two models of example 1. In that example there are 30 observations 5 of which have one component with a zero value. Data of sample sizes, (multiples of 30, so n = 60, 120, 240, 360, 480, 600) were generated 1000 times and each time we applied the two ZADR models. In all cases there was 1/6 of compositional observations with a zero value in one of its components. The mean squared error (MSE) of each coefficient for each of the two models was calculated and is presented in Tables 5 and 6 . There is one covariate only, and thus ZADR model I has 8 coefficients (4 for the constants and 4 for the slopes), whereas ZADR model II has 7 (3 for the constants, 3 for the slopes and one for the φ 
Conclusions
In this paper we suggested the zero adjusted Dirichlet regression (ZADR) for modelling compositional data with covariates when zero values are present. The importance of this simple approach is important, since no modification of the data is necessary, such as zero value replacement (or imputation). This means that no extra variance is introduced and most importantly the observed data are not at all changed or distorted to the slightest. We also suggested diagnostics to assess the effect of the zero values on the assumed model. The assumption that the conditional distribution of the vectors with zero values is the same as that of the zero free vectors needs not always be true. But since we are dealing with parametric models this assumption is sometimes violated, nevertheless the model is kept and used for inference. There is a question however of whether this assumption checking is a good way and if yes, how good it is.
The suggested quadratic form diagnostic, in its two versions T 1 (8) and T 2 (9), is not capable of detecting every violation of the Dirichlet assumption. It is however intended to be used as a diagnostic test. The distance based diagnostics on the other hand, seem more capable of detecting small deviations as they are based on each compositional vector with zero elements. Simulation studies need to be performed in order to see the abilities of this diagnostic under difficult scenarios.
Finally we provided an information criterion to choose amongst different regression models for compositional data regardless of the fitted distribution. This is a very useful criterion which does not depend upon any parametric assumptions made about the model. The choice of this criterion is reasonable but the performance, or the discriminative power of it needs to be checked. That is, can we identify if a model performs best when we know the true model? Simulation studies will need to be performed to answer this question.
The question though remains, should we treat zeros as rounded and try to impute their missing value or should we treat them naturally? We believe the second option is preferable and one reason for this is the compositional nature of the data. Changing the value of one components results in change in all the other components. This approach was a simple one which seems to work adequately.
l=-( n*lgamma(phi)-sum(lgamma(phi*ma))+sum(diag(log(ya)%*%t(phi*ma-1))) ) } ## l is the log-likelihood l }
The next function requires dirireg2 in order to perform the Dirichlet regression type II. We could of course have used the functions used in Maier's DirichletReg R package (Maier, 2014) . But then this would require installation of the package and the goal was to write codes with as less dependence to any R package as possible. (mu2) zeros=lgamma(phi)-sum(lgamma(phi*mu2))+sum((mu2*phi-1)*log(y3[l,-na])) } ## finally the log-likelihood is the sum of the non zeros part and the zeros part f=-( n1*lgamma(phi)-sum(lgamma(phi*mu))+sum((mu*phi-1)*log(y1))+sum(zeros) ) } f }
The next function, mix.reg2 performs the ZADR II.
mix.reg2=function(y,x) { ## y is the compositional data ## x is the independent variable(s) D=ncol(y) ; d=D-1 ; x=as.matrix(cbind (1,x) 
